Stable and phase-locked emission in an extended topological supermode of coupled laser arrays, based on concepts of non-Hermitian and topological photonics, is theoretically suggested. We consider a non-Hermitian Su-Schrieffer-Heeger chain of coupled microring resonators and show that application of a synthetic imaginary gauge field via auxiliary passive microrings leads to all supermodes of the chain, except one, to become edge states. The only extended supermode, that retains some topological protection, can stably oscillate suppressing all other non-topological edge supermodes. Numerical simulations based on a rate equation model of semiconductor laser arrays confirm stable anti-phase laser emission in the extended topological supermode and the role of the synthetic gauge field to enhance laser stability c 2018 Optical Society of America OCIS codes: 270.3430, 140.3560, 190.3100) Introduction. Non-Hermiticity, topology and synthetic gauge fields are important physical concepts that are catching a huge attention in photonics (see [1][2][3][4][5][6][7] and references therein). Such concepts have been proven to be very fruitful, among others, when applied to integrated laser devices. For example, recent experiments have demonstrated single-mode microlaser operation based on the concepts of parity-time (PT ) symmetry and exceptional points [8][9][10][11][12], simultaneous lasing and anti-lasing [13], and topological lasers in photonic crystals [14, 15]. The interplay between topology and non-Hermiticity is a promising research arena [16][17][18][19][20][21][22] which is expected to provide further advances in both theoretical and applied aspects of integrated photonics. Recent experiments [23, 24] demonstrated lasing of topologically-protected edge states in a non-Hermitian version of the celebrated two-band Su-Schrieffer-Heeger (SSH) model [16, 18, 20, 25]. In these experiments stable laser operation is observed in the exponentiallylocalized topologically-protected zero energy mode of a SSH chain of coupled semiconductor microring resonators, while all other extended supermodes of the array are effectively suppressed via selective non-Hermitian (PT -symmetric) pumping configuration [18]. The lasing mode retains some topological protection of the conservative SSH model, such as robustness against perturbations of coupling constants that do not close the gap. However, a main limitation of such a topological mode is that it is exponentially localized in few cavities of the array, i.e. it does not exploit efficiently the gain available in the chain and is not suited to realize broad-area high-power emission from the laser array. Also, emission in the topological edge mode can be destabilized via a complex phase transition [24]. On the other hand, it is known that oscillation of a spatially-extended supermode in a laser array -a longstanding problem in laser science and technology [26,27]-is often prevented by supermode competition, phase unlocking and other laser instabilities [26,[28][29][30][31], requiring a careful laser design such as
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In this Letter I suggest a route toward stable laser emission in a topological and spatially-extended supermode of an array of coupled microresonators, which is inspired by the concepts of topology, non-Hermiticity and synthetic gauge fields. I consider a SSH array of coupled microring resonators in a PT -symmetric pumping configuration, which sustains a topologically-protected edge state [23, 24] , and introduce an artificial imaginary gauge field [36] via non-Hermitian resonator coupling engineering [37] . The gauge field transforms the edge state into an extended state and all other extended supermodes of the array into non-topological edge states. In other words, the synthetic imaginary gauge field realizes an intriguing engineering of laser array supermodes, squeezing all extended supermodes of the SSH chain at one edge while making the topologically-protected state extended over the array. In this way, the entire gain of the array is efficiently exploited and broad area phase-locked laser emission with a superior stability can be achieved.
Topological laser array with a synthetic imaginary gauge field: supermode analysis. We consider a chain of active/passive evanescently-coupled microrings shown in Fig.1(a) , which realizes a non-Hermitian extension of the SSH model [16, 17, 20, 23, 24] . The chain comprises (2N d + 1) microrings, with (N d + 1) active (pumped) rings with optical gain g A (sublattice A) and N d passive (dissipative) rings with optical loss −g B (sublattice B). The microrings have the same resonance frequency and are evanescently-coupled with alternating coupling constants t 1 and t 2 > t 1 . The chain is terminated by cells A. A synthetic imaginary gauge field h (complex Peierls phase [35] ) is introduced for coupling constants using auxiliary passive microrings in an antiresonance configuration [37] that indirectly couple sites A and B [ Fig.1(b) i(dE
with E
A PT -symmetric pumping configuration corresponds to g B = g A ≡ g. In this case, for h = 0 the energy spectrum of the SSH Hamiltonian H, defined by Eqs. (1) and (2), comprises the topological edge state E
= 0 with complex energy E = ig, exponentially localized at the left edge of the lattice, and 2N d extended supermodes with energies E ± (q) = ± t 2 1 + t 2 2 + 2t 1 t 2 cos q − g 2 , where
is the Bloch wave number (it is quantized owing to open boundary conditions).
Depending on the value of g, the SSH lattice can be found in three different phases [20, 24] . For g < (t 2 − t 1 ), the lattice is in phase I, corresponding to the unbroken PT phase (real energies) of all extended supermodes [ Fig.1(c) ]. This pumping configuration forces the topological edge mode to lase, while suppressing all other extended modes [23, 24] . In a lattice with open boundary conditions, a nonvanishing imaginary gauge field h does not change the energy spectrum of H, while it changes the localization properties of its eigenvectors [36, 38] . In fact, the imaginary field h can be removed after the imaginary gauge transformation [36] E (A) n = a n exp(−2hn) and E (B) n = b n exp(−2hn − h), so that a n and b n satisfy Eqs. (1) and (2) with h = 0. Note that, while the energy spectrum of H remains unchanged, the gauge transformation alters the localization properties of supermodes, which are squeezed toward the left edge (for h > 0) or the right edge (for h < 0) of the chain. In particular, if we tune the gauge field h to the negative value
it follows that the eigenvector corresponding to the topological edge mode becomes an extended mode with balanced excitation of sites in sublattice A and zero excitation of sublattice B [inset in Fig.1(d) ], while all other extended supermodes of H are squeezed toward the right edge of the chain, i.e. they become (nontopological) right edge states. This is shown in Fig.1(d) , where the participation ratio PR = ( n (|E
n | 4 ) of various supermodes is depicted. A localized supermode corresponds to a small value of the PR, while an extended supermode shows a large value of the PR. Note that all modes, except one, are localized. The only extended supermode is the topological supermode. Since the gauge transforma-tion does not change the energy spectrum of H, it follows that the SSH lattice with properly-tailored imaginary gauge field can stably lase in the extended topological supermode, in which all active (pumped) microrings are lasing in anti-phase [inset of Fig.1(d) ]. Therefore phaselocked broad-area laser emission in a topological supermode is realized. Finally, let us briefly discuss how to realize a synthetic imaginary gauge field. Following a recent proposal [37] , let us consider the trimer shown in Fig.1(b) , in which two main microrings A and B with optical gain/loss g A and −g B are indirectly coupled via an auxiliary microring C. The auxiliary ring C is designed to be antiresonant to the main rings A and B, i.e., the length of the auxiliary ring is slightly larger (or smaller) than the main rings so as the field acquires an extra π phase shift at each round trip. The auxiliary ring is assumed to be purely passive, providing asymmetric attenuation of the light field in the upper and lower half perimeter, with single-pass losses −γ 1 and −γ 2 , respectively [ Fig.1(b) ]. In the mean-field limit, the field amplitude in the auxiliary ring can be eliminated following a procedure similar to the one detailed in Ref. [37] , yielding the following effective coupled-mode equations for the field amplitudes E (A) and E (B) in the main rings
where we have set
, τ is the round-trip time in the main rings, ρ/τ is the direct coupling constant between main rings and the auxiliary ring (ρ 1), and t 0 , h are the effective coupling constant and imaginary gauge field, given by
A negative gauge field can be realized by assuming γ 1 > γ 2 , with γ 2 = 0 in the configuration with lowest extra loss term σ.
Semiconductor laser rate equation analysis. In a semiconductor laser array, dynamical instabilities are known to arise from supermode competition and from nonlinear-induced resonance detuning of coupled cavities that can prevent phase locking [29] [30] [31] . Therefore, a proper rate equation model that accounts for nonlinear coupled dynamics of electric modal fields and carrier densities in the active (pumped) microrings of sublattice A should be considered. In the following analysis, resonators of sublattice B are considered as linear passive cavities with dominant non-resonant (i.e. carrierindependent) optical losses. Assuming that each microring oscillates in a single longitudinal and transverse mode with the same resonance frequency in each sublattice, the laser rate equations in dimensionless form read [30, 31] 
In the above equations, E tric fields in the rings of the two sublattices A and B, Z (A) n is the normalized excess carrier density in the active rings of sublattice A, τ = t/τ p is the time variable normalized to the photon lifetime τ p of microrings A, τ s is the spontaneous carrier lifetime, α is the linewidth enhancement factor, and p A is the normalized excess pump current in the active rings (providing a linear gain g A = p A /τ p ). In writing Eqs.(6-8), we also allowed rather generally for a detuning δ B of the resonance frequency of modes in the two sublattices. For the imaginary gauge field h satisfying Eq.(3), a steady-state solution to Eqs. (6) (7) (8) , corresponding to the extended topological supermode shown in the inset of Fig.1(d) , is given by
n = 0 and Z (A) n = 0. Stability of the stationary topological supermode can be investigated by standard linear stability analysis [29, 31] . The growth rate of perturbations can be determined from the roots of a fifth-order algebraic equation. The coefficients of the polynomial depend on a real parameter q, the Bloch wave number of perturbations, which is quantized owing to the open boundary condition of the chain [31] . For enough long chains, q can be taken as an almost continuous variable and the stability boundary is rather insensitive to the chain length, the most unstable perturbation being the one corresponding to the wave number q = π; technical details of the linear stability analysis will be given elsewhere. Numerical results show that the topological supermode is always a locally stable state when δ B = 0 and g B > 0, i.e. for resonance condition of cavities in sublattices A and B and for some loss in the passive cavities. On the other hand, instabilities can arise in the detuned case δ B = 0, with the major critical case being the detuning side with δ B α > 0; in particular for δ B = 0 and g B = 0 the topological mode is always linearly unstable. Examples of numericallycomputed stability boundaries of the topological supermode for detuned operation are shown in Fig.2 . Note that, for a non vanishing resonance detuning δ B , stability of the topological supermode generally requires a minimum threshold value of the coupling [ Fig.2(a) ] or large enough dissipation in cavities B [ Fig.2(b) ]. Figures  3 and 4 show examples of laser built up and stable oscillation in the topological extended supermode, after relaxation oscillation transient, as obtained from direct numerical simulations of Eqs.(6-8) for resonance operation δ B = 0. Initial condition is a small random noise of field amplitudes and equilibrium carrier densities. The extended supermode retains some topological protection of the original Hermitian SSH model, i.e. the state is robust against moderate disorder in the coupling constants t 1 and t 2 that does not close the gap, as shown in Fig.4 . In this case the amplitudes E (A) n oscillate in anti-phase, like in the ordered structure, while their intensities reach steady-state but inhomogeneous as a result of disorder in the coupling constants [ Fig.4(d) ]. Finally, it is worth comparing the behavior of the SSH laser array with and without the synthetic gauge field. Figure 5 shows the transient built up of the same laser array of Fig.3 , but with h = 0. Clearly, in this case the laser emission is very irregular and does not occur on the edge-state topological supermode. Therefore, the synthetic gauge field enhances topological mode stability.
Conclusion. Stable and broad-area emission in a SSH laser array supporting an extended topological supermode has been theoretically suggested. The laser design exploits concepts of topological and non-Hermitian photonics. As compared to recent proposals and demonstrations of non-Hermitian topological lasers [23, 24] , here a synthetic imaginary gauge field [36, 37] is considered which is beneficial for laser operation: on the one hand the gauge field enables broad-area and efficient laser emission on an extended topological supermode; on the other hand, by ingenious engineering of cavity supermodes it enhances stability of laser emission. Our results provide important insights into the design of non-Hermitian laser cavities and are expected to stimulate further experimental and theoretical studies in the rapidly growing research area of integrated topological lasers and non-Hermitian photonics. 
